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A topology on a nonempty set X speciﬁes a natural subset of P(X). By identifying
P(P(X)) with the totally disconnected compact Hausdorff space 2P(X), the lattice Top(X)
of all topologies on X is a natural subspace therein. We investigate topological properties
of Top(X) and give suﬃcient model-theoretic conditions for a general subspace of 2P(X) to
be compact.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Families of subsets of a nonempty set X occur naturally as elements of the product space 2P(X) (where 2 carries the
discrete topology) when one identiﬁes P(P(X)) with 2P(X) . Thus for example Ult(X), Fil(X), Top(X) and Lat(X), denoting
the families of all ultraﬁlters, ﬁlters and topologies on X and sublattices of P(X) respectively, occur as natural subspaces
of 2P(X) . Our investigation focuses principally on the topological nature of the subspace Top(X) while also establishing
suﬃcient model-theoretic conditions for a general subspace of 2P(X) to be compact.
Top(X) has been an object of study since its introduction by Birkhoff in [1]. It is a complete atomic and complemented
lattice under inclusion and it has undergone exploration mainly as an order-theoretic structure (see [5,10]). More recent
work (see [2,3,8,9]) has concerned the order-theoretic nature of intervals of the form [σ ,ρ] = {τ ∈ Top(X): σ  τ  ρ}. Our
interest is motivated by the location of Top(X) within the product space 2P(X) and of the subsequent topological structure
it assumes from this location, about which little appears to be known. For Tychonoff X , the recognition of Ult(X) when
regarded as a subspace of 2P(X) as a homeomorphic copy of β(X) suggests potential for this study.
2. Preliminaries and examples
We shall assume that X is an inﬁnite set throughout. We begin by recalling the subbasic open sets of the product
space 2P(X):
Deﬁnition 2.1. Given A ⊆ X , we deﬁne A+ := {F ∈ 2P(X): A ∈ F} and A− := {F ∈ 2P(X): A /∈ F} and observe that these
are the subbasic open subsets of the product space 2P(X) .
Remark 2.2. Note that the subbasic open sets are also closed since A+ = 2P(X) \ A− . Adopting standard order-theoretic
notation, we observe that A+ = {A}↑ where θ↑ = {φ ∈ P: θ  φ} = [θ,∞) for a partially ordered set (poset) (P,). Given
φ, θ and ψ in the poset 2P(X) , we note the more general result that φ↓ = {ψ | ψ ⊆ φ} and φ↑ = {ψ | φ ⊆ ψ} are each
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open neighborhood of θ that is disjoint from φ↓ , whence φ↓ is closed.
Given elements φ, θ in an arbitrary poset P, φ↑ and θ↓ deﬁne the subbasic closed sets for the interval topology on P.
Thus 2P(X) ’s product topology contains the associated interval topology. Note further that the product space 2P(X) is both
minimal Hausdorff and maximal compact. Thus a lattice that can be realized as a closed subset of 2P(X) has a Hausdorff
interval topology precisely when the lattice-morphism is also a homeomorphism.
2.1. Examples in Top(X)
Example 2.3. The set of T1 topologies on X is closed in Top(X).
Proof. Any T1 topology on X must contain the coﬁnite topology C = {A ⊆ X: A is coﬁnite} = {Ai: i ∈ I}. Notice that
C↑ =⋂i A+i . Then C↑ ∩ Top(X) is closed in Top(X) and it is precisely the set of T1 topologies on X . 
Recall that an expansive (contractive) topological property, Q , is one for which the collection of all topologies on a
ﬁxed set X with property Q is upwards (downwards) closed. As an easy consequence of the above remark, we have that
if Q is an expansive (contractive) topological property for which the set TopQ (X) of all Q topologies on X has ﬁnitely
many minimal (maximal) elements, then TopQ (X) must be closed in Top(X). Moreover, if Q= {Q i: i ∈ I} is a collection of
expansive (contractive) topological properties for which TopQ i (X) has ﬁnitely many minimal (maximal) elements for each i,
then TopQ(X) = {σ ∈ Top(X) | σ is Q i ∀i ∈ I} is closed in Top(X).
Example 2.4. Let f : X → X be a function and σ any topology on X . Then
σ f =
{
ρ ∈ Top(X) ∣∣ f : (X,σ ) → (X,ρ) is continuous} and
σ f = {ρ ∈ Top(X) ∣∣ f : (X,ρ) → (X,σ ) is continuous}
are closed in Top(X).
Proof. Let τ = {X}∪{A | f −1(A) ∈ σ }. In a similar spirit to the quotient topology, this topology is the largest topology which
makes f continuous and thus we have σ f = τ↓ ∩ Top(X). As shown above, this set is closed in Top(X). The proof is similar
for σ f . 
Note that if f : X → X is injective and if σ is the coﬁnite topology C , then σ f is precisely the set of all T1 topologies
on X .
Example 2.5. Let f : X → X be a function. Then
Cns( f ) = {ρ ∈ Top(X) ∣∣ f : (X,ρ) → (X,ρ) is continuous},
Open( f ) = {ρ ∈ Top(X) ∣∣ f : (X,ρ) → (X,ρ) is open}, and
Closed( f ) = {ρ ∈ Top(X) ∣∣ f : (X,ρ) → (X,ρ) is closed}
are closed in Top(X).
Proof. Observe that if ρ ∈ Top(X) Cns( f ) we must have A ∈ ρ so that f −1(A) /∈ ρ . Then A+ ∩ [ f −1(A)]− ∩ Top(X) is open
in Top(X), contains ρ and is disjoint from Cns( f ), whence Cns( f ) is closed in Top(X). The proof is similar for Open( f ) and
Closed( f ). 
In view of the above, if f is a bijection then Hom( f ) = {σ ∈ Top(X) | f : (X, σ ) → (X, σ ) a homeomorphism} is also
closed in Top(X) (since Hom( f ) = Cns( f ) ∩ Open( f )). Note also that for any function f : X → X , Cns( f ) is a complete
sublattice of Top(X).
2.2. Examples of function spaces
Let Y be an inﬁnite set with A, B ⊆ Y , and denote by FAB the collection of all partial functions from A to B; that is,
FAB = { f : C → B | C ⊆ A}. Then [FAB ]<ω = { f ∈ FAB | | f | ∈ ω} is the set of all ﬁnite such partial functions. Clearly [FAB ]<ω = FAB
when A is ﬁnite. Consider next an example where X is a special type of set derived from Y :
J.L. Bruno, A.E. McCluskey / Topology and its Applications 159 (2012) 3027–3032 3029Example 2.6. Let X = Y ∪P(Y ) where Y is inﬁnite and let A, B ⊆ Y . Then
(i) FAB is a compact subspace of 2
P(X) ,
(ii) [FAB ]<ω is a proper dense subset of FAB if and only if A is inﬁnite, and
(iii) [FAB ]<ω is not locally compact if and only if A is inﬁnite.
Proof.
(i) Note ﬁrst that 〈a,b〉 ∈ P(X) for a,b ∈ Y (that is, {{a}, {a,b}} ∈ P(X)). Thus, FAB ⊂ 2P(X) . If a point p in 2P(X) is not a
function from a subset of A to B then either
(1) p  A × B so that p contains an element C where C is not an element of A × B . Then C+ ∩ FAB = ∅, or
(2) p ⊆ A × B and p contains at least two sets are of the form: 〈a,b〉 and 〈a,b′〉 where b = b′ . In this case, 〈a,b〉+ ∩
〈a,b′〉+ is an open neighborhood of p disjoint from FAB .
Thus FAB is closed in 2
P(X) and thus compact.
(ii) It is easy to see that any basic open set about any f ∈ FAB deﬁnes a ﬁnite partial function from A to B .
(iii) Observe from (i) and (ii) that FAB is a Tychonoff compactiﬁcation of [FAB ]<ω and recall that a Tychonoff space is locally
compact if and only if its remainder is closed in each of its compactiﬁcations. Let p ∈ [FAB ]<ω and let p ∈
⋂
C+i ∩⋂
D−j = U . Each Ci is of the form 〈a,b〉 since p is a function, while in the worst case scenario each D j has also the
form 〈a∗,b∗〉. Thus any function in U is compelled to include ﬁnitely many ordered pairs (as speciﬁed by each Ci ) and
at worst to exclude ﬁnitely many certain other ordered pairs within A × B (as potentially speciﬁed by D j). Since A is
inﬁnite, inﬁnitely many inﬁnite extensions of p must exist in U . Thus [FAB ]<ω has empty interior in FAB . In particular,
FAB  [FAB ]<ω is not closed and so [FAB ]<ω is not locally compact. 
Notice that item (1) from the previous example shows that the set of all subsets from A × B is also compact. We can
deﬁne in a similar way the set IAB of injective partial functions from A to B .
Example 2.7. IAB is compact in 2
P(X) where X = Y ∪P(Y ) with A, B ⊆ Y .
Proof. The above example illustrates how to separate all functions in FAB from other objects in 2
P(X) . Thus we must only
focus on separating all injective functions from all other functions in FAB . Let f : C → B be a function in FAB which is
not injective. Then there exists distinct elements a, a′ in C so that f (a) = f (a′) from which it follows that 〈a, f (a)〉+ ∩
〈a′, f (a)〉+ ∩ IAB = ∅. 
Let OAB = { f ∈ FAB | f is onto}. The following example assumes that |A| |B| and the preceding notation. Of course, when
A is ﬁnite, then OAB is ﬁnite and thus compact.
Example 2.8. OAB is a dense proper subset of F
A
B precisely when A is inﬁnite.
Proof. Let f ∈ FAB and let
⋂
C+i ∩
⋂
D−j be a basic open neighborhood of f . As described in the proof of Example 2.6 (iii)
since A is inﬁnite, it is straightforward to ﬁnd an onto function from A to B in this neighborhood. 
2.3. Almost disjoint families
Deﬁnition 2.9. Let κ be an inﬁnite cardinal. If x, y ⊂ κ and |x∩ y| < κ , then x and y are said to be almost disjoint (a.d.). An
a.d. family is a collection A⊆P(κ) so that for all x ∈A, |x| = κ and any two distinct elements of A are a.d. Such a family
is maximal (m.a.d.) whenever it is not contained in any other a.d. family.
The following lemma shows that given a cardinal κ the collection of all a.d. families of κ is a compact subset of 2P(κ) .
Lemma 2.10. Let κ be any cardinal. For any cardinal λ κ the set Aλ = {A ∈ 2P(κ) | ∀x, y ∈A, |x| = |y| = κ and |x ∩ y| < λ} is
compact in 2P(κ) . In particular, the collection of all almost disjoint families (i.e.Aκ ) is compact.
Proof. Note that if α ∈ p ∈ 2P(κ) with |α| < κ , then α+ ∩ Aλ = ∅. Suppose that p ∈ 2P(κ) Aλ and that for all α ∈ p,
|α| = κ . Then p must contain at least two subsets of κ , α and β say, so that |α ∩ β| λ. In turn, α+ ∩ β+ ∩Aλ = ∅. 
In light of the above, for a given cardinal κ , in ZFC we must have that the cardinality of any maximal chain in Aκ is at
least κ+ . To see this, take any chain C with cardinality κ and notice that
⋃
C ∈ C ⊂Aκ . If |⋃C | = κ+ then we can always
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⋃
C is not an m.a.d. family and in
turn C is not maximal (see [4, p. 48]).
3. Main results
We begin with some preliminary deﬁnitions:
Deﬁnition 3.1. For X an inﬁnite set, Lat(X) denotes the set of all sublattices of P(X), Lat(X,∨) is the set of all join complete
sublattices of P(X) (Lat(X,∧) is deﬁned dually) and Lat B(X) is the set of all sublattices of P(X) that contain ∅ and X .
Lemma 3.2. Lat(X) is closed in 2P(X) and each of Lat(X,∨) and Lat(X,∧) is dense in Lat(X).
Proof. It is routine to show that an element θ of 2P(X) that is not a sublattice of P(X) has a basic open neighborhood
that is disjoint from Lat(X). The failure of θ to be a sublattice provides (ﬁnitely many) sets, according to how the failure
is manifested, with which to assemble an appropriate open neighborhood. Next, let L be a sublattice of P(X) and let⋂
A+i ∩
⋂
B−j be a basic open neighborhood of L. Since L is a lattice, the join of any family of Ais cannot yield any B j . Thus
we can generate from the Ais (by closing under intersection and union) a ﬁnite and therefore complete lattice. 
Note that any join complete lattice in Lat B(X) is a topology on X . Similarly, any inﬁnite sublattice in Lat B(X) that is
not join complete fails to be a topology on X . Thus Top(X) is a proper subset of Lat B(X).
Proposition 3.3. Lat B(X) is a (Hausdorff ) compactiﬁcation of Top(X).
Proof. To see that Lat B(X) is closed, and therefore compact, in 2P(X) , it suﬃces by Lemma 3.2 to consider those sublattices
of P(X) that omit either X or ∅. We can then use X− or ∅− , as appropriate, as a neighborhood of the given sublattice that
is disjoint from Lat B(X). Finally, if L ∈ Lat B(X) with ⋂ A+i ∩⋂ B−j an open neighborhood of L, then no B j can be the meet
or join of any collection of Ais. Thus we can deﬁne a (ﬁnite) topology with subbase {Ai} which clearly belongs to the given
neighborhood. That is, Top(X) is dense in Lat B(X). 
The previous theorem indicates that the concept of generalized topologies on a ﬁxed set X is that of sublattices of P(X)
containing X and ∅. That is, limits of topologies are just elements from Lat B(X).
Corollary 3.4. Top(X) is not closed, and therefore not compact, in 2P(X) .
Proof. Lat B(X) properly contains Top(X) as a dense subset. Since Lat B(X) is closed in 2P(X) , then Top(X) = Lat B(X). Thus
Top(X) can be neither closed nor compact in 2P(X) . 
Lemma 3.5. Top(X) has empty interior in Lat B(X).
Proof. Take any topology τ on X and a basic open neighborhood
⋂
A+i ∩
⋂
B−j of τ . We seek an inﬁnite subset S of X and
a partition P = {Pk}k∈κ of S into inﬁnitely many subsets, whose ﬁnite joins and meets cannot be any B j . P together with
the Ais will generate an element of Lat B(X) that is in the above-mentioned neighborhood and that is not join complete
(and thus not a topology). There are two possibilities: either the complement of
⋃
Ai ∪⋃ B j is ﬁnite or it is not. In the
latter case, just take S to be the (inﬁnite) complement, in which case any partition of S into inﬁnitely many subsets will
suﬃce. For the former case, rename all inﬁnite Ais and B js as Cks. Let C1 = C1,
C2 =
{
C1 ∩ C2, if |C1 ∩ C2| ℵ0,
C1, otherwise.
In general,
Ck =
{
Ck−1 ∩ Ck, if |Ck−1 ∩ Ck| ℵ0,
Ck−1, otherwise.
The process terminates with an inﬁnite set Cn . Let S be that subset of Cn obtained by removing any elements that occur in
intersections of ﬁnite cardinality with Ais and B js (that is, those that did not partake in constructing Cn). That is,
S = Cn 
[ ⋃
|C ∩A |∈ω
(Cn ∩ Ai) ∪
⋃
|C ∩B |∈ω
(Cn ∩ B j)
]
.n i n j
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family L, say, in Lat B(X). Indeed, note that by design Ai ∩ S = ∅ or Ai ∩ S = S , ∀i (the same is true for all B j). It remains to
show that no B j belongs to L. Let k be any number so that Bk ∩ S = ∅. Then for Bk ∈ L it must be that Bk is generated solely
by the use of Ais (contradiction). Otherwise, Bk ∩ S = S . To this end, notice that no ﬁnite collection of elements from P can
yield S . Consequently, we ﬁnd again that Bk must then be generated by taking a ﬁnite union of Ais (contradiction). 
Corollary 3.6. Top(X) is not locally compact.
Proof. By Lemma 3.5, Lat B(X) Top(X) is not closed and the result follows. 
Corollary 3.7. Top(X) is dense and co-dense in Lat B(X).
Proof. The proof is immediate from Proposition 3.3 and Lemma 3.5. 
3.1. Some model theory
Let L be the ﬁrst order language of Boolean algebras (see [7]) and P a predicate unary symbol. Expand L by adding P
and denote the expanded language by L(P ) (see [6]).
Deﬁnition 3.8. Let Φ be a set of sentences of L(P ). We say that Φ is a deﬁnition for a set F ⊂ 2P(X) provided that F is
the collection of all F ⊂P(X) so that (P(X), F ) | Φ . Similarly, a set of sentences {Φi} deﬁnes a family F provided that for
each F ∈F we have (P(X), F ) | Φi for all i.
Theorem 3.9. A subspace of 2P(X) is compact if it has a deﬁnition expressible as a universal sentence of L(P ).
Proof. Let Φ(x1, x2, . . . , xn, P ) be a well-formed formula. We can assume that Φ is in conjunctive normal form; that is,
Φ is a conjunction of atomic formulas and negation of atomic formulas. Thus Φ(x1, x2, . . . , xn, P ) = α1(x1, x2, . . . , xn, P ) ∧
· · · ∧ αk(x1, x2, . . . , xn, P ) where each αi is atomic or a negation of an atomic formula. Note that there is no loss no gener-
ality here since universal quantiﬁers distribute over conjunctions. We need only prove the theorem for an atomic formula
since intersections of closed sets are closed. Suppose then that Φ(x1, x2, . . . , xn, P ) is atomic. Deﬁne Φ∗(P ) = ∀x1, x2, . . . , xn
Φ(x1, x2, . . . , xn, P ) and let F = {S ⊆ P(X) | (P(X), S) | Φ∗(P )}. If S ′ /∈ F then (P(X), S ′) | Φ∗(P ), thus ∃ A1, A2, . . . ,
An ∈ S ′ so that (P(X), S ′)[A1/x1, A2/x2, . . . , An/xn] does not satisfy Φ(x1, x2, . . . , xn, P ). Hence, no element of F can con-
tain all of the Ais. It follows that A
+
1 ∩ A+2 ∩ · · · ∩ A+n ∩F = ∅. 
Corollary 3.10. A subspace of 2P(X) is compact if it has a deﬁnition expressible as a collection of universal sentences of L(P ).
Proof. Let {Φi} be a collection of universal sentences in L(P ). Theorem 3.9 proves that each sentence deﬁnes a compact
subspace Fi ⊂ 2P(X) . Lastly, {Φi} is then a deﬁnition for ⋂i Fi , which is closed and thus compact. 
Corollary 3.11. Top(X) is not ﬁrst-order deﬁnable via universal sentences.
Remark 3.12. Clearly, not all compact sets can be deﬁned in terms of universal sentences for there are not enough sentences
in our countable language to capture them all. What is not as obvious is that there are instances where the use of a unary
predicate symbol is essential. Take for instance Aκ as deﬁned in Lemma 2.10. Add to L a unary predicate symbol P with
the following intended interpretation: ∀x P (x) ⇐⇒ |x| = κ . Then we can easily deﬁne Aκ . However, the same is not true
with the use of L alone.
Lastly, we can expand L to an uncountable language by adding for all Z ⊂ X a unary predicate symbol P Z . Given Y ⊂ X ,
we want P Z (Y ) to be true if and only if Z = Y . It is then possible to deﬁne all subbasic closed sets of the form A− for
if we let ΦA = ∀x¬P A(x), then A− is the unique subset of 2P(X) for which (P(X), A−) | ΦA . Similarly, A+ is the unique
set so that (P(X), A+) | ¬ΦA . In turn, any basic closed set satisﬁes a sentence expressed as a ﬁnite disjunction of the
aforementioned ‘subbasic’ sentences. Finally, a closed subset in 2P(X) satisﬁes an arbitrary collection of ‘basic’ sentences as
described above.
4. Conclusion
This paper offers results from a preliminary investigation into the topological nature of Top(X) as a subspace of 2P(X) .
The outcomes thus far suggest that Top(X)’s topological character may well be diﬃcult to gauge. Knowing whether Top(X)
is a Gδ or an Fσ , for example, will shed further light on its topological complexity and crystallize the extent to which it
may yield to further analysis. In this paper, we have exhibited examples of sets that are closed in Top(X) but not in 2P(X) .
3032 J.L. Bruno, A.E. McCluskey / Topology and its Applications 159 (2012) 3027–3032It would be nice to ﬁnd (inﬁnite) subsets of Top(X) that are closed in 2P(X) , thus giving a source of inﬁnite compact subsets
of Top(X). For example, is it possible to ﬁnd a copy of βN or a Cantor set in Top(X)? Answers to these questions would
provide further interesting aspects of Top(X).
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